Int. J. Heat Mass Transfer.
Printed in Great Britain

Vol. 26, No. 6, pp. 861-869, 1983

0017-9310,83,060861-09 $03.00,0
Pergamon Press Lid.

EFFECTIVE MACROSCOPIC DESCRIPTION FOR HEAT
CONDUCTION IN PERIODIC COMPOSITES

J. L. AURIAULT

Institut de Mécanique de Grenoble, Laboratoire associé au CNRS n® 6,
B.P. 53 X, 38041 Grenoble Cedex, France

(Received 22 May 1982)

Abstract—Effective parameters for the macroscopic behaviour of periodic composites are determined,

concerning static or transient heat conduction, when the wavelength is large compared to the length of the

period. Different situations are analysed using the homogenization method, which lead to different

macroscopic descriptions: single classical partial differential equations, single integral partial differential

equations with memory effect, systems of partial differential equations, etc. Some simple examples are given
where analytical results are possible.

NOMENCLATURE

h, length of the period for laminated

composites;
k, particular solution for T;
I, characteristic microscopic length;;
n, unit normal to I';
n, porosity;
ti particular solution for T;
X, low space variable;
Y, fast space variable;
C, thermal capacity;
R,  memory function;
L,  characteristic macroscopic length;
T, temperature;

¥, %, functional spaces with functions 0.

Greek symbols
a, diffusivity;
B, dimensionless pulsation;
0, Kronecker symbol;
g, small parameter;
A conductivity;
w, pulsation;
o volumic mass;
1, dimensionless time;

I, boundary between two media;
Q, spatial period.

1. INTRODUCTION

INTEREST in the development of continuum macro-
scopic models for composite materials is not new dand
many papers have been devoted to this subject. Most of
them are dedicated to laminated composites since in
this case the geometry allows analytical results [1, 6].
More sophisticated situations [7, 9] are less usual and
experimental data quite rare [10, 11].

The macroscopic heat transfer in periodic com-
posites is studied here using the homogenization
method [12, 14]. The aim of the paper is to determine
parameters equivalent to thermal conductivity and
capacity, and to verify the macroscopic differential

861

system satisfled by
composites.

At first, in Section 2, the asymptotic method of
homogenization is presented. This method uses a small
parameter which measures the characteristic length of
the period (i.e. of the heterogeneities) compared to a
macroscopic length.

In Section 3, the classical case for static and transient
heat transfer is considered. The procedure is quite
similar to that described in refs. [12, 15]. The
macroscopic behaviour is generated by a single partial
differential equation of classical structure. The method
gives the effective parameters and their properties are
studied. As an example, the case for a bilaminated
composite is investigated and the well-known results for
this particular case are obtained.

Section 4 is devoted to composites with strong
discontinuities in conductivity. Pulsation dependent
capacity is demonstrated and the macroscopic
behaviour is shown when transient heat transfer occurs.
Some simple examples are given where analytical
results are possible. The memory effects displayed here
are of similar character to those for saturated porous
media [16, 17, 19].

In Section 5, the special case of a trilaminated
composite is presented which exhibits a system of two
coupled integro-differential equations with two fields of
temperature.

temperature for periodic

2. FORMULATION OF THE PROBLEM:
HOMOGENIZATION

We consider a composite with a fine periodic
structure. The period Q, of dimension O(J), is small
compared with the characteristic length L of the
medium at the macroscopic scale,

e=—«1.
L
For simplicity we assume the medium to be

composed of two or three solids distinguished by the
subscripts 1,2 and 3, occupying the domains Q,,Q, and
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Q;, respectively. The results can be easily extended to p
arbitrary solids. The boundary between two media will
be denoted by I, (See Fig. 1 for the case of a binary
system.)

At the initial time, the medium is in thermal
equilibrium and the temperature has a constant value
throughout the period. We consider a perturbation
from this equilibrium, with pulsation w, in such a way
that the wavelength is large compared to the char-
acteristic length [ of the period. In the following, the
temperature increment is given by

T(x) exp (iwt)

where T is a function of the space coordinates
X = (xy,X3,x3). The following study includes as a
particular case the static situation where the pulsation
is zero.

The determination of the macroscopic laws for heat
transfer, that is the behaviour of an equivalent
continuous medium, is performed using the homogeni-
zation method [12, 13] based on an asymptotic
expansion in powers of the small parameter ¢ and
including a double scale with characteristic lengths I
and L. Tt is assumed that the temperature T can be
written as a function of two variables, T(x,y). The
variable x is the macroscopic space variable and
y = x/¢ the microscopic .one, describing the small
heterogeneities. The temperature T has the form

T(x,y) = TO(x, y) +eTHx, )+ T, Y+ ... (1)

where the T! are periodic in y with period Q/e.

In the following, Q/e is replaced by Q since confusion
isnot possible. The method consists of incorporating an
expansion of this type into the set of equations which
describes the phenomenon and identifying the powers
in ¢, while keeping in mind the fact that x and y should
be considered as independent variables and that the
operator 8/0x; is now expressed by

2,10 ol s

dx; €0y e

7 % Y, ﬂ// %
9170

Yt 7,

o t/e y

Fi1G. 1. Binary periodic composite.
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The homogenization process produces a set of
equations satisfied by T°, which in fact represents the
macroscopic behaviour g— 0.

3. HEAT TRANSFER BY CONDUCTION
IN A BINARY COMPOSITE: CLASSICAL CASE

The set of equations giving the temperature T is

V(YD) = pCii0T, i=12, )

with, on the boundary I" between the two components,
[Tlr=0, ©)

[AVT]r*n=0 @

where 2 denotes the conductivity tensor. The tensor 2is
definite positive and symmetrical, p is the volumic
mass, C the thermal capacity at constant volume, [¢]
the discontinuity of ¢ on I', and n a unit normal to T,

The quantities 4, T, p and C are a priorifunctions of x
and y and take the values 2, T;, p;, C;, withi = 1,2 in
media 1 and 2. In the classical case, all the different
terms in equation (2) are assumed to be of the same
order of magnitude for the macroscopic level

pCol?2] = O(1).

All coefficients in equations (2}{4) are of order 1.
Expansion (1) will now be introduced into equations
(2)(4) as follows:

3.1. Equation(2)for the ordere™ 2, equation (3)for €° and
equation (4) for ¢!
V,(2V,T% =0,
[T°%=0
and
[V, n=0

where V, stands for differentiation in the y space
variable. It is straightforward to obtain the solution.
Let ¥~ be the Hilbert space consisting of regular
functions 0 defined on Q, which are Q-periodic and
satisfy the condition

IOdQ:O,
o}

with the scalar product
0,,0,), = J AV,0,V,0, dQ.
a
Multiplying equation (2) by 0 € ¥ integrating by parts
and considering equation (4), gives an equivalent

variational formulation determining T°, to an arbi-
trary additive function of x introduced by the external

condition
f 0dQ =0,
0

f AV,TOV,0dQ =0, V0e¥:
Q
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It follows, since 4 is positive definite, that are respectively the effective conductivity and the
O w70 . o effective capacity of a macroscopic equivalent medium

TMxy) = T7(x), for arbitrary T%(x). where heat transfer is described by equation (10). This
Equation (3) implies that formulation is valid from @ = O (static case) until w is
0 0 o such that pCwI? = O(l). For greater values [w

Tix) = T2 = T, = 0(e™"Y), for example] the process is inappropriate:

the macroscopic length L, which is of the order of
magnitude of the wavelength, becomes of the same
order of magnitude as:eisnolonger a small parameter
V(AV,T'+V,T%) =0, and the periodic property of the solution falls down.
[T']. =0 (57"The tensor {4), w-independent and symmetrical by

’ virtue of equation (7), is positive definite and can be

AV, T'+V, T%n=0. determined from equation (6). The effective capacity
appears as the arithmetical mean-value of the capacity.

3.2. Equation(2)for theordere™ t equation(3)fore! and
equation (d) for £°

Following the above procedure, the problem is
equivalent to that given by equation (6), to an arbitrary

. . 3.4. Bilaminated composite
additive function of x for T, p

Let us consider the particular geometry of a periodic
layered medium (Fig. 2) consisting of two homoge-
neous media 1 and 2 occupying layers of respective
thickness (1 —n)h/e and nh/e, measured with the space
variable y; n denotes the partial volume of medium 2.

In this situation, periodicity is arbitrary along the y,
direction (Fig. 2) and T must be independent of y,. On
the other hand, the medium exhibits a symmetry of
L . revolution around the y, axis: directions 2 and 3 are
T" will be written as equivalent. Let us solve the problem on the period

TYx,y) = t;V, T°+T'(x), for arbitrary T'(x).

: J AV, T'V,0dQ = —J AV.T°V,0dQ, VOe¥. (6)
o) 0

The existence and uniqueness of the solution result

from the Lax~Milgram lemma. If ¢,(y) is the particular

solution corresponding to
V., T°=4

ijp

. —(1—n)h/e < y, < nhfe.

The symmetry of LHS of equation (6), due to the

symn‘n.etry_of).(.).,-j = A;),enablesustowriteequation(7)  The particular solution t,(y;) of equations (5) with
after introducing in equation (6) 7' =1t;, 0 =t;and y o0 _ (1,0,0) satisfies

then T1=tj,0=t‘ *

d P de, ) 0
J- ).",V).htj dQ = J ).j,,V).hti dQ. (7) d—yl- 'd_yl -
o a
[t,dr=0,
'3.3. Equation(2)for the order £°, and equation (4) for the
.order ¢ I: 2 di]
“d =0,
VAV, T+ V, TN+ V(AV,T' +V,T%) = pC ioT°, Vil
. 8
® t, h/e periodic. Taking into account the condition
[A(V,T*+V,TH]*n=0. )
Generally speaking, equations (8) and (9) do not admit j t, dQ =0,
any solution. The necessary and sufficient condition for 0

- the existence of a solution is a compatibility condition  gjyeg
obtained by integrating equation (8) over Q, using
equation (9). The periodic property then leads to iy} =0.

VKDV, T = (pChinT®

or for transient heat transfer
3T° -{l-n)h/e
V{2V, T = {pC) T (109) \
t i
where >
1 © Az Ve
Ay =— , )
(A ] Jﬂ)(6+V,t) dQ, ~—

b\

1
Cy=— C dQ,
»C iQ Ja P F1G. 2. Bilaminated composite.



864

For t,(y,), the equations to be solved are

d dz2>
—t{2—)=0,
d)’1( dy,

ft21r =0,

dt, ):l
M—=+1 =0,
[ (dyl r

t, /e periodic, with zeromean-value. On the period, the
solution is

n(2,—2,)
by = D
2 +2,(1=n) Yt

_—(=n.—4)
nly+2,(1—n)

in Q,,

B2 +D in Qz,

where D is a constant, the value of which can be
disregarded in the following. The macroscopic heat
conductivity tensor is expressed by

= j 201+ V, 1)) dQ,
a

which leads to
<)~>12 = 0-)13 = <}->23 =0
and
A2y
niy +(1—n)i,’
Ay =Lz =1—n)ii+nl,.

So we obtain the well-known classical result.

<;~>11 =

4. STRONG DISCONTINUITIES FOR CONDUCTIVITY
IN A BINARY SYSTEM

We consider in this section the case where the
conductivity in medium 2 is very small compared with
that of medium 1, in such a way that both sides of
equation (2) are of the same order of magnitude. Let

1y =152 Bl =0(),

the other coefficients in equations (2}-(4)} remaining
O(1). The case )4,| = 0(?), 0 < p < 2 is of no interest
since for that situation results of Section 3 are valid.
Equations (2}-(4) then become

V(2,VT) = p,Cii0T; inQ,, (1)
V(e22,VT,) = p,C,iT, in Q,, (12)
T,=T, onT, (13)
2,VTin, = £22,VTyn, onT. (14)

The homogenization process will now be applied.

4.1. Equation (11) at ™2, and equation (14) at ¢ *
V,(2,V,T9) =0,
2,V,T, =0 onT.

J. L. AURIAULT

The solution is
T¢ = TYx).

1

The, same equations for the orders ¢™! and &°,

respectively, are expressed by
V(2(V,T}+ V. T =0,

MV, T{+V, T, =0 onT.
Thesolutionis obtained in the same way asin Section 3.
If ¢ is the solution with V, T° = §;,

Tix,y) =V, T°+ T'(x).

The solutions ¢; satisfy a relation of the same type as
equation (6) where integration is now restricted to Q,,
From equations (12) and (13) at £°

V(15Y,TY) = p,Cy iwTY, Ti=T%x)onT, (15)
where T3 is Q-periodic. With
TY = TOx)+ W
the boundary problem (15) becomes
V2V, W) = p,C,i0(T°+ W), W=0onT, (16)

where W is Q-periodic.

Let #” be the space of regular functions 0 with
complex values, defined on Q,, Q-periodic, of zero
values on I, with the scalar product

01,0,)y = J (VyglVyUZ +0,0,)dQ
03

where 0, denotes the complex conjugate. Multiplying
by e # on both sides of equation (16), integrating by
partsand taking into account the periodicity, we obtain
the equivalent variational formulation (17)

f (%, V,WV,0% +iwp,C, WD) dQ =
22

—J‘ 2,C,i0T°T dQ. (17)
a

The existence and uniqueness follow again from the
Lax-Milgram lemma. The demonstration is very close
to that given in ref. [20] for a vectorial unknown.
The solution can be written in the form
W(x,y) = T3(x,y)~Tx) = —k(x,y,)T(x) (18)

where k is the complex valued and w depending scalar
solution of equation (17) with T°(x) = —1.

Equations (10) for the order £° and (13) for the order
el give
V(2 (V, T +V,T1)

+V (24(V, T} +V.T%) = p,C,iwT® (19)
2,(V,T{+V, Thn, = 23V, T9n, onT.

The compatibility condition is obtained nearly asin the
classical case, by averaging equation (19). Using the
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Q-periodicity we have
1
a J (V. 24(V,T1+V,T%—p,C, iwT?)dQ
m
=V (VT —<{p,C ) iwT®

1
=] J 24(V,T24+V,T!)n, dS
r

1
- f 2V, T%n, dS (20)
r

where {4,) and {p,C,) are defined by

1
Ao =—1 4,(6+V,1)dQ,
< 1> IQI a, 1( y)
PC = ! C, dQ
P14 o] mPl 1 die

Considering equation (15) averaged on , with again
the Q-periodicity, the last member of equation (20)
becomes

1 , 1 ,
—Iﬁl— J; 2V, Ton, dS = I?IT . V,(4;V,T9dQ
2
= (p,C,iwT3).

Hence, using equation (18), we finally obtain the macro-
scopic behaviour as

V4DV, T) = ({pC) —<{p,C2k)) i T .
Andsince we have to the first order {4,) = (4> and the

mean value of temperature given by

(Ty = TOU—CKD), <k =

k dQ,
1Q Ja,
we can write, when ¢+ 0,
T> \ _ . (T
Vx((lWx T <k>) = ({pC>—<{p,C:k))iw =
(21)

Itis clear that, just as in Section 3, (1) is a symmetrical
tensor. But now we lose the definite positive property:
{AHV, TV, T = 0. Therefore equation (21) is only valid
for those directions where {ADV,.T # 0. If not, a
periodic solution is impossible and scattering occurs.

Let us consider for simplicity the case where the 2;, p,,
C; are constants on ; and do not depend on the
macroscopic space variable x. Then equation (21) can
be replaced by equation (22), which differs from the
classical equation (10} in the complex and w depending
term p,C,<{k)

VKOV LT))
= (p1C1(1=n)+ p,Con—pCoCkD)ia(T).  (22)

Itisclear from equation(15)that k— Owhenw+— Oand
equation (22) [as equation (21)] is in this case similar to
equation (10).

Introducing real and imaginary parts for (k),

<kY =Kk +ikkD,

and coming back to the time derivatives, the mono-
chromatic macroscopic behaviour is described by

V.V LTH)
«T>
= (p1Ci(1—n)+ p,Can—p,Cy<kD,y) “ar
Kky, 0KT)
ot
When a transient heating is applied to the composite,
<k> must be replaced in equation (22) by a convolution

operator with kernel K defined as the inverse Fourier
transform of {k)/iw. We have

—p2C,

23)

T
VAT = (puCill =m0 2
A oXT
—p2C, [l; K(t—1) 6<rz> (1) de.

v

4.2. Properties of the coefficient <k)

In this section, 2, p; and C; are taken constant on ;.
The signs of (k), and <k}, are easily determined from
the variational equation (17) with W and 0 equal to k

_f (2,V,kV k +iwp,C,kk) dQ = f
[¢H)

131

p2C,iwk dQ.

Then
J‘ p2Csk, dQ = I pzczkE dQ =0, (24)
[ 13 Q

J p,Crwk, dQ = J ZVAVEdQ > 0. (25)
[933 Q;

We obtain
k> 20, <kd,=0.

Moreover, using the Schwartz inequality and equation
(24),

'[ k dQ‘ = [QIIKk] < [Q,] 2 1K .2
Q2

= [ (QI<K> ),
and then
n 22 2 KL 2 <kyy, kD <.

Since we have also [¢kD] = <kD,:<kd, < n,
then

0 k), <ny

0 ky, <0
Changing w into — in the complex conjugate of the

variational form (17) leads to

J (45V,WV,0 +iwp,C,W0)dQ
[43]

=—f 02C110T°0 dQ, Vle¥,
[2 5
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F1G. 3. Bilaminated composite: real and imaginary parts of coefficient {k) vs dimensionless pulsation 5%

which is identical to equation (17). Therefore k(—w)
= k(w).

Realandimaginary parts of (k) arerespectively even
and odd. As @ 0 we can see from equations (24) and
(25)thatk, = O(w?),k, = O(w)andsok,/w = 0(1).All

coefficients of equation (23) are of order 1 in magnitude.

4.3. Examples
Let us consider again the case of Section 3.4 (Fig. 2),
where we now take
Ay =gy, Ay =0()

The coefficient (k) is easily calculated by

tanh (i1/2p)
Ky = "(1— W ’
g = wp,C, mn_h
T\ 4 2"
|
™
o~

The parameter [ represents a dimensionless
pulsation. The real and imaginary parts of (k)/n are
plotted on Fig. 3 vs f. Figure 4 shows, for this case, the
memory function K(f) vs the dimensionless time t

N hd -2 1)2n%1/4
Ry=81Y exp[(s(pﬁ)zlf al}

P=0

.
T p,Conth*
Looking at the tensor {4,), it is clear that

A=A =0=-nl, iy =0

For a macroscopic gradient directed along the
perpendicular to the layers, the macroscopic descrip-
tion of Section 4.2 is not valid and scattering occurs.
The process of homogenization used in this paper is
inefficient because the pulsation o has high values.
For circular cylindrical inclusion of radius a, or
spherical inclusions of radius a, the results for (k) are,

0l 02 03 04 05 086 07 !

T

F1G. 4. Bilaminated composite : memory function K vs dimensionless time 1.
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respectively,

T
n(2)"

kH,=n|l1- VE P o
(&) ()
with
2y
=P2Cz

andJ,,Jo the Bessel functions of order 2and 0. We have
plotted on Fig. 5 the real and imaginary parts of (k) /n
and (k)/n against the dimensionless pulsation wa?/a.

5. A SPECIAL CASE WITH
A THREE COMPONENTS MEDIUM

We consider here a three component periodic system
composed of two different heat conductors 1 and 2 with
conductivities and capacities O(1) separated by a third
one with the lowest conductivity O(e2) and capacity
0(1)

)'l = 0(1))

).3 = ;.’382,

2, =0(Q),
', = O(1).

Let ny, n,, n; denote the partial volumes of media 1, 2
and 3, and I'y;, I'y3 their mutual boundaries. The
equations for the temperature are, as above,

V(4 VT) = p,C; iwT, i=1,23 (26)

with
[TIr=0, 27
[AVT] - n=0 (28)

on the limit between two media.

867

Following the same process as in the preceding
sections we obtain for the first order

=Ti(x), T3=Tyx),

with a priori TS # T9since thereis no contact between
media 1 and 2. A second order study then yields T} and
T} in the form

T} =}V, T3+ Ti(x),

T3 = 7V, T3+ T3(x),
where ¢! and 7 are particular solutions for T} and T}
corresponding respectively to

V., T =6y V,T9=206

and Ti(x), T%x) are arbitrary functions of the
macroscopic variable x.
Temperature T is, on the other hand, given by

V,(43V,T3) = p;C;iwTs, 29

where T9 is Q-periodic, with T§ = T(x) on the
boundary I'y5 and T = TI(x) on the boundary I',;.
Thesolutionislinearin TS and T2 and can be putin the
form

ij ij

T3 = fl(@)TY + /(@) TS (30)

The functions f;, which depend on @ are complex
valued.

Equation (26) for the order ¢° and equation (28) for
the order ¢ give, for media 1 and 2,

V,({V, TE+ V. TH) + V(Y. T +V,T})
=p,CiioT? i=12 (31)

and

i'=1,2

IV, T2+V, T} n=23V,TSn (32)

on the corresponding limits T;,.
Since RHS of equation (32) can now be determined
from equation (30), it appears that equations (31) must

<k>/n

5x103

50 102 2x10°2

wa?

5x10% 10° 2xi0°

FIG. 5. Real and imaginary parts of coefficient (k). and (k) vs dimensionless pulsation for respectively
circular cylindrical and spherical inclusions.
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be considered separately. Two compatibility con-
ditions are therefore obtained, taking the mean value of
both sides in equations (31), respectively, on the
volumes occupied by media 1 and 2

V()Y T+ A () TS

+An(@) TS = {p,C)iwT], (33)
Vo(<22DV, T+ Az ()T}
+ A3(0)T? = {p,C,> 0Ty (34)
where o
1 r
) =— | A(6+Vt)dQ,
=i |,
1 f
) =— 2,(6+Vt3)dQ,
IQI JQ2
1 r*
Pl == C, dQ,
14 1 Ja, P11
1 r
{p,Cy> =—. C, dQ,
p2C2 19 Ja, P2L2

and where A;; are complex valued and pulsation-
dependent functions defined by

—1 ,
A=1g L" 13V, /s dS

with n; the unit exterior normal to medium 3. More-
over, the coupling between equations (33) and (34)
is symmetrical as can be shown by taking equation (29)
with 7¢ = 1, T9 = 0, multiplying the two members by
/> and integrating over Qj3,

f SV05V,£)d0 = f PANANY
Q3

C23

- f 2V, 1V, £, dQ = f
Q3

Q

p3Csiaf f, dQ.
3

Then, proceeding similarly for 79 = 1, T = 0 and f,
gives

I LYY, £)dQ =J 24V, fon dS
03

Fi3
—f 239,05V, /1 dQ = I p3Csiaf, f, dQ
Q3 Qs

From which it results that
Ayp = Ay,

For the case under consideration, the macroscopic
behaviour is described by two temperature fields T
and T%, defined at each point, determined by two
symmetrically coupled differential equations, in
contrast to the single temperature field and equation
used in the classical treatment.

In the case of transient heat transfer, the coefficients
A;; must be replaced as in an above section by
convolution operators. Onthe other hand,as wtends to

J. L. AURIAULT

v
y

F16. 6. Trilaminated composite.

zero, the boundary value for T9 is
T§ = T3(x) = TY(x) = T(x),

and the macroscopic behaviour is described by only
one equation of classical structure

V.V, T?) =0,
with -
{4y = (A +<{4).

As an example, let us consider the trilaminated
medium shown (Fig. 6). The conductivities and
capacities of media 1 and 2 are scalar constants of order
1,just as the capacity of medium 3. On the other hand,
conductivity of the latter is of O(e?). The Iength of the
period is h. It is straightforward to obtain the values of
the different coefficients in equations (33) and (34): for
heat flux along the layers

A =mnla, (A2) =myly,

225 (i0\?
A12=A21=T3<—> »

22. (io\? s N\1/2
Ay =4, = ———S(E) cotanh (l—w—> nsh
o o 2

6. CONCLUDING REMARKS

The work presented here shows that many different
situations can occur which induce different structures
for the macroscopic behaviour. Each case must be
studied separately, introducing small parameters 6nly
when necessary.

For simplicity only two or three components
composites with or without strong discontinuities in
their characteristics have been considered. The
homogenization process obviously applies to more
complex geometries (for instance, more components or
composites with small inclusions: n; « 1) providing
that the periodicity is preserved.

It is clear that the procedure fails when considering
frequencies which are too high. In such cases, the heat
transfer equation for each constituent has the form of
equation (12)and thesolution cannot be represented by
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expansion (1). In fact, such an asymptotic development 9,
is valid only if the wavelength is large compared to the
dimension [ of the period Q.
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DESCRIPTION MACROSCOPIQUE DE LA CONDUCTION THERMIQUE
DANS LES COMPOSITES PERIODIQUES

Résumé—On étudie le comportement macroscopique d'un composite a structure périodique fine pour

I'écoulement statique ou transitoire de la chaleur. La longueur d’onde du phénoméne est supposée grande par

rapport 4 la dimension de la période. Diférentes situations sont envisagées au moyen de la méthode

d’homogénéisation; elles conduisent a diverses structures pour la description macroscopique: équation

unique aux dérivées partielles (classique), avec mémoire, systéme d'équations avec mémoire etc. On présente
quelques exemples simples ot le calcul analytique est possible.

EFFEKTIVE MAKROSKOPISCHE BESCHREIBUNG DER WARMELEITUNG
IN PERIODISCH ZUSAMMENGESETZTEN STRUKTUREN

Zusammenfassung—Effektive Parameter des makroskopischen Verhaltens periodisch zusammengesetzter

Strukturen werden beziiglich der stationiren und instationdren Wirmeleitung ermittelt, und zwar fiir den

Fall,daBdie Wellenlinge des Vorgangs groBim Vergleich zur Linge der Periode der Anordnungist. Mit Hilfe

der Homogenisierungsmethode werden verschiedene Situationen untersucht. Sie fiihren auf unterschiedliche

Formen der makroskopischen Beschreibung: einzelne klassische partielle Differentialgleichung, einzelne

partielle Integral/ Differentialgleichung mit Gedachtnis, System partieller Differentialgleichungen, usw....
Einige einfache Beispiele die sich analytisch 16sen lassen, werden angegeben.

3GOEKTUBHOE MAKPOCKONHUYECKOE ONMUCAHHE TEIMJIONPOBOAHOCTU B
NMEPUOAUYECKHNX KOMIMO3MUHOHHBIX CPENAX

Annoranns—Onpeneaens! 3pdexTHBHLIE NaPAMETPHl MAKPOCKONHYECKOTO NOBEAEHHA (CTATHYECKAS WK
HEyCTAHOBHBLUAACA TEMIONPOBOAHOCTL) NEPHOAHYECKHX KOMIIOZMUHOHHBIX Cpel B cayyae, Koraa
ANHHA BOJIHBI BEJIHKA MO CPAaBHEHHIO € ANMHHOII nepiroga. Hcnosnsiys MeTOA CraaxuBaHuA, npoBeleH
aHANH3 PA3IHYHBIX CHTYALHH M NOJMydYeHb! Pa3AHYHBIE MAKPOCKOMHYECKHE OMHCAHMA: OAHO KJACCH-
yeckoe audipepenuuanbHoe ypaBHEHHe B 4acTHBIX MNPOH3BOAHLIX, OOHO HHTerpanbHo-aHbdepeH-
UHaNLHOE YPABHEHHE B HACTHHIX NPOH3IBOAMLIX, ydnThIBatoulee d3bdekT mamary, cuctema auddepen-
IUHANLHEIX YPaBHEHHIT B YaCTHHIX Npou3BoAHBIX H Ap. [IpHBeneHO HECKOIBKO NpPOCTHIX MPHMEPOB,
KOIIa MOXHO MOJy4HTb aHANHTHYECKHE PE3YNbTATHL



